Abstract. Galois Theory, a wonderful part of mathematics with historical roots date back to the solution of cubic and quantic equations in the sixteenth century. However, beside understanding the roots of polynomials, Galois Theory also gave birth to many of the central concepts of modern algebra, including groups and fields. In particular, this theory is further great due to primarily for two factors: first, its surprising link between the group theory and the roots of polynomials and second,the elegance of its presentation. This theory is often descried as one of the most beautiful parts of mathematics. Here I have specially worked on field extensions. To understand the basic concept behind fundamental theory, some necessary Theorems, Lammas and Corollaries are added with suitable examples containing Lattice Diagrams and Tables. In principle, I have presented and solved a number of complex algebraic problems with the help of Galois theory which are designed in the context of various rational and complex numbers.
Introduction and Preliminaries
Evariste Galois (French pronunciation: [evarist galwa]) (October 25, 1811-?May 31, 1832) was a French mathematician born in Bourg-la-Reine. While still in his teens, he was able to determine a necessary and sufficient condition for a polynomial to be solvable by radicals, thereby solving a long-standing problem. His work laid the foundations for Galois theory and group theory, two major branches of abstract algebra, and the subfield of Galois connections. He was the first to use the word "group" (French: groupe) as a technical term in mathematics to represent a group of permutations [1] . Galois' most significant contribution to mathematics by far is his development of Galois theory. He realized that the algebraic solution to a polynomial equation is related to the structure of a group of permutations associated with the roots of the polynomial, the Galois group of the polynomial. He found that an equation could be solved in radicals if one can find a series of subgroups of its Galois group, each one normal in its successor with abelian quotient, or its Galois group is solvable [2] . This proved to be a fertile approach, which later mathematicians adapted to many other fields of mathematics besides the theory of equations to which Galois originally applied it. Field extension is the focal ambition to work. So it would be a very good idea to start with the definition of field extensions.
Field extensions
A field L is an extension of another field K if K is a subfield of L. Definition 1.1. A field extension is a monomorphism i : K → L where K and L are fields. K is the small field, L the large field.
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Simple extensions
A simple extension is an extension L:K having the property that L = K(α) f or some α ∈ L. Polynomials are known to all.It is important to know about the specific group of polynomials and properties which are needed in my field extension. A polynomial f(t) = a 0 + a 1 + ... + a n t n over a field K is monic if a n = 1. Definition 1.2 Let K(α) : K be a simple extention.If there exists a non-zero polynomial p over K such that p(α) = 0 then α is an algebraic element over K and the extension is simple algebraic extension. Definition 1.3 Let L : K be the field extension, and suppose that α ∈ L is algebraic over K.Then the minimum polynomial of over K is the unique monic polynomial m over K of the smallest degree such that m(α) = 0. An example could be the best thing to clear the definitions. For example, i ∈ C is algebraic over R. If we let m (t) = t 2 + 1 then m(i) = 0.Clearly m is monic. The only monic polynomials over R of smaller degree are those of the form t + r(r ∈ R) or 1.But i cannot be zero of any of these. Hence the minimum polynomial of i over R is t 2 + 1. Two theorems are going to present with no proofs that are closely related to this project. Theorem.1.1 If K is any field and m is any irreducible monic polynomial over K, then there exists an extension K(α) : K such that α has minimum polynomial m over K. Theorem.1.2 Suppose K and L are fields and i : K → L is an isomorphism.Let K(α), L(β) be simple algebraic extensions of K and L respectively, such that α has minimum polynomial m α (t) over K and β has minimum polynomial m β (t) over L.Suppose further thatm β = i(m α (t)).Then there exists an isomorphism j :
K is the dimension of L considered as a vector space over K. Example 1.1. The complex numbers C are 2-dimensional over the real numbers R, 1, i being a basis.Hence
It is easy to see that {1, √ 2} is a basis for Q( √ 2) over Q. It is a little harder to see that {1, √ 3} is a basis for Q(
1.3 Splitting fields Definition 1.6.If K is a field and f is a polynomial over K then f splits over K if it can be expressed as a product of linear factors
We can construct a splitting field for f as follows: inside C f splits into linear factors
so there exists a splitting field inside C, namely
This is clearly the same as Q( √ 3, i).
Discriminant
The discriminant of
; which is the usual discriminant of a monic quadratic polynomial.In low-degree cases, explicit formulas for discriminants of some trinomials are disc(
The discriminant of X 3 − X − 1 is -23, the discriminant of X 3 − 3X − 1 is 81, and the discriminant of X 3 − 4X − 1 is 229. [2] 1.5 Normality
7. An extension L:K is normal if every irreducible polynomial f over K which has at least one zero in L splits in L.
Separability
Definition 1.8. An irreducible polynomial f over a field K is separable over K if it has no multiple zero in a splitting field. This means that in any splitting field f takes the form
where the σ i are all different. 2 Galois Theory
A simple but effective theorem would be the next one. Theorem.2.1 If L:K is a field extension then set of all K-automorphisms of L forms a group under composition of maps. The next example will give us a rough idea about our problem. 
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Thus we have two candidates for R-automorphisms:
Now α 1 is the identity, and thus is an R-automorphism of C.The map α 2 is known as complex conjugation and can be shown to be an R-automorphism as follows:
Thus α 2 is an automorphism. And 
∈ C. Now α 5 = 1 and Q(α) consists of all elements
Where a, b, c, d, e ∈ Q. The Galois group of Q(α) : Q is easy to find, for if σ is a Q-automorphism of
This gives 4 candidates for Q-automorphisms:
It is easy ti check that these are all Q-automorphisms.Hence the Galois group Q(α) : Q has order 4.The fixed field of this Galois group is easy to complete: it turns out to be Q.There we have [Q(α) : Q] = 4. At first sight this might seem wrong for (1) expresses each element in terms of 5 basis elements;the degree should be 5.In support of this contention, α is a zero of t 5 − 1. t 5 − 1 is not the minimum polynomial of α over Q,since it is reducible.The minimum polynomial is in fact
which has degree 4. Equation (1) holds, but the elements of the supposed 'basis' are linearly dependent :
Hence every element of Q(α) can be expressed uniquely in the form
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Sufficient background knowledge has been acquired to get in the fundamental theorem. The property given below will be very useful for the theorem.
Let L:K be a field extension with Galois group G, which consists of all K-automorphisms of L. Let F be the set of intermediate fields M, and g the set of all subgroups H of G.We have defined two maps * : 
Fundamental Theorem of Galois Theory
If L:K is a finite separate normal field extension of degree n, with Galois group G;and if f,g, * , † are defined as above, then:
(1) The Galois group G has order n.
(2) The maps * and † are mutual inverses and set up an order-reversing 1-1 correspondence between f and g. 
The Galois group of f(X) over Q, viewed as a subgroup of S n , contains a permutation of type (d 1 , ..., d k ). [2] 3 Problems 3.1 Problem A 1.Let f(t) = t 4 − 5 over Q, and let K be a splitting field for f such that K ⊆ C.In C we can factorize f as follows:
where ξ = 4 √ 5 is real and positive.Clearly therefore K = Q(ξ, i).There characteristic is 0 and K is a splitting field, so that K:Q is finite,separable, and normal.
2.We shall find the degree of K:Q.We have
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The minimum polynomial of i over Q(ξ) is t 2 + 1 since
. Now ξ is a zero of f over Q , and f is irreducible by Eisenstein's criterion.Hence f is the minimum polynomial of ξ over Q and [Q(ξ) : Q] = 4. Therefore
3.We shall find the elements of the Galois group of K:Q.Now i varies from i to -i.So there must be two automorphisms.By a direct check,we see that there is Q-automorphism σ of K such that
and another, τ, such that
Product of these yield 8 distinct Q-automorphism of K, as follows:
other products do not give new automorphisms, since
( The last two relations follow from the first three.)
Now any Q-automorphism of K sends i to some zero of t 2 + 1,so i → + − i ; similarly ξ is mapped to ξ, iξ, or −iξ.All possible combinations of these(8 in number) appears in the above list, so these are precisely the Q-automorphisms of K.
4.The abstract structure of the Galois group G can be found.From the generator-relation presentation
it follows that G is the dihedral group of order 8, which we shall write as D 8 5. It is an easy exercise to find the subgroups of G.If we let C n denote the cyclic group of order n, and × the direct product, then the subgroups are as follows:
Order 8:
The inclusion relations between the subgroups of G can be summed up by the following lattice diagram:
Under the Galois correspondence we obtain the intermediate fields. Since the correspondence reverses inclusions this gives a lattice diagram of fields as follows:
We now describe the elements of these intermediate fields.
There are three obvious subfields of K degree 2 over Q,namely Q(i), Q( √ 5), Q(i √ 5).These are clearly the fixed fields S † , T † and U † (respectively).The other fixed fields are less obvious.To illustrate a possible approach we shall find C † . Now any element of K can be expressed in the form
Therefore x is fixed by στ (and hence by C) if and only if a 0 = a 0 , a 1 = a 5 , a 2 = −a 2 , a 3 = −a 7 , a 4 = −a 4 , a 5 = a 1 , a 6 = a 6 , a 7 = −a 3 . Therefore a 0 and a 6 are arbitrary, a 2 = 0 = a 4 , a 1 = a 5 , anda 3 = −a 7 .It follows that
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Now again
Therefore x is fixed by σ 2 (and hence by C) if and only if a 0 = a 0 , a 1 = −a 1 , a 2 = a 2 , a 3 = −a 3 , a 4 = a 4 , a 5 = −a 5 , a 6 = a 6 , a 7 = −a 7 . Therefore a 0 , a 2 , a 4 and a 6 are arbitrary.It follows that
which means that
Similarly we have
. It is now easy to verify the inclusion relations determined by the lattice diagram of section 7. 11 The intermediate field A † is a normal extension of Q then the Galois group of A † : Q is isomorphic to the quotient group G/A. Now G/A is isomorphic to C 2 × C 2 .We calculate directly the Galois group of A † . Since
and since α 2 = β 2 = 1 and αβ = βα, this group is C 2 × C 2 as expected.
The next example is completely different from the above.
Problem B
Let Q(
is a root of unity of order 8,whose minimum polynomial over Q is X 4 + 1. Both Q(
√
2) and Q(ξ 8 ) have degree 4 over Q. Since ξ
) is a splitting field over Q of (X 4 − 2)(X 4 + 1) and therefore is Galois over Q.We would like to find out its Galois group.We have the following field diagram.
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Q] is at most 16.We will see that degree is not 16: there are some hidden algebraic relation between 
and from the second representation we know its Galois group over Q is isomorphic to D 4 with independent choices of where to send Now we are moving to a very simple exercise problem.
Field Extension by Galois Theory
141
3.3 Problem C 1.Let f(t) = (t 2 − 2)(t 2 − 5) over Q, and let K be a splitting field for f such that K ⊆ R. In R we can factorize f as follows:
where √ 2 and √ 5 are real and positive.Clearly therefore K = Q( √ 2, √ 5).The characteristic is 0 and K is a splitting field, so that K:Q is finite, separable, and normal.
The minimum polynomial of
is a zero of f over Q , and f is irreducible over Q( √ 2) .Hence f is the minimum polynomial of √ 2 over Q and [Q(
3.We shall find the elements of the Galois group of K:Q.By a direct check,we see that there is Q-automorphism σ of K such that
Product of these yield 4 distinct Q-automorphism of K, as follows:
other products do not give new automorphisms, Now any Q-automorphism of K sends √ 2 to some zero of t 2 − 2, so
All possible combinations of these(4 in number) appears in the above list, so these are precisely the Q-automorphisms of K.
4.The abstract structure of the Galois group G can be found. From the generator-relation presentation
it follows that G is the cyclic group of order 2, which we shall write as G C 2 × C 2 5. It is an easy exercise to find the subgroups of G.If we let C n denote the cyclic group of order n, and × the direct product, then the subgroups are as follows:
Order 4:
There are three obvious subfields of K degree 2 over Q, namely Q(
.These are clearly the fixed fields S † , T † and U † (respectively).The other fixed fields are less obvious. Now any element of K can be expressed in the form
It is now easy to verify the inclusion relations determined by the lattice diagram of section 7. 9 If we check by hand that these are indeed the only intermediate fields.
10 The normal subgroups of G are G,S,T,U,I.By the theory,
† should be the only normal extensions of Q which are contained in K.Since these are all splitting fields over Q.for the polynomial t, t 2 − 5,
) (respectively). They are normal extensions of Q.
Now If we multiply another polynomial of degree two with the previous problem then the next problem will be the solution.
Problem D
1.Let f(t) = (t 2 − 2)(t 2 − 3)(t 2 − 5) over Q, and let K be a splitting field for f such that K ⊆ R. In R we can factorize f as follows:
where √ 2, √ 3 and √ 5 are real and positive. Clearly therefore
There characteristic is 0 and K is a splitting field, so that K:Q is finite, separable, and normal.
is a zero of f over Q , and f is irreducible over Q( √ 2).Hence f is the minimum polynomial of √ 2 over Q and [Q(
All possible combinations of these(8 in number) appears in the above list, so these are precisely the Q-automorphisms of K.
it follows that G is the cyclic group of order 2, which we shall write as
It is an easy exercise to find the subgroups of G. If we let C n denote the cyclic group of order n, and × the direct product, then the subgroups are as follows:
8 We now describe the elements of these intermediate fields.
There are seven obvious subfields of K degree 2 over Q,namely Q(
.These are clearly the fixed fields
The other fixed fields are less obvious.To illustrate a possible approach we shall find C † . Now any element of K can be expressed in the form
So we have
.
. It is now easy to verify the inclusion relations determined by the lattice diagram of section 7. 9 If we check by hand that these are indeed the only intermediate fields.
10 The normal subgroups of G are G,S,T,U,E,F,J,I.By the theory,
† should be the only normal extensions of Q which are contained in K. Since these are all splitting fields over Q, for the polynomial t, t 2 −5,
They are normal extensions of Q.On the other hand A † is not normal since t 2 − 15 has a zero in
Problem E
1.Let f(t) = (t 4 + 1) over Q, and let K be a splitting field for f such that K ⊆ C. In C we can factorize f as follows:
Now for (t 2 + t − 1) we get
and for
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(t 2 − t − 1) we get
where 1 2 and
are real and positive.Clearly therefore K = Q(
There characteristic is 0 and K is a splitting field, so that K:Q is finite,separable, and normal.
3.We shall find the elements of the Galois group of K:Q.By a direct check,we see that there is only one Q-
Now any Q-automorphism of K sends √ 5 to some zero of t 2 − 5, so
2 is mapped to
2 . All possible combinations of these(2 in number) appears in the above list,so these are precisely the Q-automorphisms of K.
4.The abstract structure of the Galois group G can be found. it follows that G is the cyclic group of order 2, which we shall write as G C/ 2 5. It is an easy exercise to find the subgroups of G.If we let C n denote the cyclic group of order n, and × the direct product, then the subgroups are as follows:
Order 2:G G ∼ = C 2 Order 1:{1 } I ∼ = C 1 6 The inclusion relations between the subgroups of G can be summed up by the following lattice diagram:
G I
7 Under the Galois correspondence we obtain the intermediate fields. Since the correspondence reverses inclusions this gives a lattice diagram of fields as follows:
We now can see that no elements of these intermediate field.
There are no subfields of K over Q, 3.6 Problem F 1.Let f(t) = (t 4 − 3t 2 + 4) over Q,and let K be a splitting field for f such that K ⊆ C.In C we can factorize f as follows:
f(t) = (t 2 − √ 7t + 2)t 2 + √ 7t + 2)) 
where There characteristic is 0 and K is a splitting field, so that K:Q is finite,separable, and normal.
The minimum polynomial of i over Q is t 2 + 1 since (i) 2 + 1 = 0 but i ∈ R ⊇ Q( √ 7). So [Q( √ 7, i) : Q( √ 7)] = 2. Now √ 7 is a zero of t 2 − 7 over Q , and t 2 − 7 is irreducible by Eisenstein's criterion.Hence t 2 − 7 is the minimum polynomial of .All possible combinations of these(4 in number) appears in the above list,so these are precisely the Q-automorphisms of K.
it follows that G is the Cyclic group of order 4, which we shall write as C 4
